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It’s well known that in conformal theories the two- and three-point functions of a subset of
the local operators—the conformal primaries—suffice, via the operator product expansion
(OPE), to determine all local correlation functions of operators. It’s less well known that, in
superconformal theories, the OPE of superdescendants is generally undetermined from those
of the superprimaries, and there is no universal notion of superconformal blocks. We recall
these and related aspects of 4d (S)CFTs, and then we focus on the super operator product
expansion (sOPE) of conserved currents in 4d N = 1 SCFTs. The current-current OPE
J(x)J(0) has applications to general gauge mediation. We show how the superconformal
symmetry, when combined with current conservation, determines the OPE coefficients of
superconformal descendants in terms of those of the superconformal primaries. We show
that only integer-spin real superconformal-primary operators of vanishing R-charge, and
their descendants, appear in the sOPE. We also discuss superconformal blocks for four-
point functions of the conserved currents.
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1. Introduction
There are many examples of 4d (super)conformal theories ((S)CFTs). Some have micro-
scopic Lagrangian descriptions, e.g. N = 1 SQCD in the conformal window [1] or N = 4
SYM, while others need not (e.g. [2]). Even if there is a microscopic description, it’s gen-
erally of limited use, because of strong coupling effects. The “observables” of conformal
theories are the spectrum of operators Oi, their operator dimensions ∆i, and their operator
product expansion (OPE) coefficients,1 the ckij in
Oi(x)Oj(0) =
∑
Ok
ckij
x∆i+∆j−∆k
Ok(0) =
∑
primary
Ok
ckij
x∆i+∆j−∆k
F∆k∆i∆j(x, P )Ok(0). (1.1)
Conformal symmetry implies that all local operator correlation functions are fully deter-
mined, via the OPE, by the n ≤ 3-point functions of a subset of the operators, the pri-
maries. In particular, conformal symmetry relates the OPE coefficients of descendant oper-
ators to those of the primaries, with determined functions F∆k∆i∆j(x, P ) in (1.1). The OPE
expansion (1.1) is exact in CFTs, and determines all correlation functions of local oper-
ators. We’re here interested in 4d N = 1 SCFTs, where the additional symmetry yields
additional relations among OPE coefficients.
Conformal or approximately conformal theories are intrinsically interesting, and have
various possible applications to high energy physics and beyond the Standard Model (BSM)
model building, to perhaps help mitigate various model building challenges. For example,
invoking running effects with O(1) anomalous dimensions could help suppress or enhance
otherwise finely tuned quantities or ratios. Examples include sequestering [3], achieving
flavor hierarchy from anarchy [4], and µ/Bµ in gauge meditation [5]. Furthermore, flow-
ing near an approximate CFT could help lead to useful scale separations or interesting
phenomenology, e.g. in walking technicolor or unparticles with mass gaps.
Our discussion here is particularly motivated by possible applications to general gauge
mediation (GGM) [6], where one is interested in current-current two-point functions like
〈J(x)J(0)〉. 4d N = 1 supersymmetry conserved currents jµ reside in real supermultiplets
J (z) = J(x) + iθj(x)− iθ¯¯(x)− θσµθ¯jµ(x) + · · · , (1.2)
where · · · are derivative terms, following from the conservation equations D2J = D¯2J = 0.
The operator2 J(x) = J | is a real superconformal primary, with dimension ∆J = 2, and
1There are also non-local observables, like Wilson loops, but we will not discuss them here.
2We use | to denote the bottom component, setting all θ, θ¯ = 0.
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the conserved current jµ(x) is among its descendants. Here jµ(x) is a global current of
the CFT (that could later be weakly gauged as in GGM). With this application in mind,
we will here consider general aspects of the super OPEs of these operators in 4d N = 1
SCFTs. We will discuss applications to GGM in detail in a separate paper [7].
The leading short-distance terms in the OPE of J (z) with operators have universal
coefficients, fixed in terms of the charges. As we’ll recall, this is similar to the universal
coefficients in OPEs involving the conserved Tµ(z) U(1)R-plus-stress-energy-tensor super-
multiplet [8] of SCFTs, which was considered e.g. in [9–11]. The leading terms in the OPE
of the bottom, primary component of currents with themselves take the form
Ja(x)Jb(0) = τ
δab1
16pi4x4
+
kdabc
τ
Jc(0)
16pi2x2
− fabc
xµjcµ(0)
24pi2x2
+ ciab
Oi(0)
x4−∆i
+ · · · , (1.3)
with a an adjoint index for the (say simple) group G. In what follows, we often suppress
the group adjoint index, or simply take G = U(1) since the generalization is fairly straight-
forward. For the moment, we just want to illustrate a point with the symmetric dabc and
the structure function terms fabc in (1.3).
Conformal symmetry relates terms in the OPE. In the non-SUSY case, the coefficients
of all descendant operators are fully determined from those of the primary operators, as
was worked out (in many different ways) in the 1970s, see e.g. [12]. It is natural to expect
that (i) the SUSY version should be completely analogous and (ii) that it must have long
ago been worked out for general operators. But both statements are untrue! This follows
from the works of Hugh Osborn and collaborators, but it has not been very explicitly
discussed in the literature, and it comes as an initial surprise to many experts.
The OPE is related to operator two- and three-point functions, and the fact that non-
SUSY conformal descendant terms are uniquely characterized by the primaries is related to
the fact that conformal symmetry can be used to map any three operator-insertion points
xµ1,2,3 to wherever one pleases. The constraints of (non-SUSY) conformal symmetry on
operator two- and three-point functions, in general spacetime dimension d, were studied
in [13], including the additional constraints coming from Ward identities for conserved
quantities like jµ or Tµν .
That the OPE coefficients of superconformal primaries are generally not sufficient to
determine those of the superdescendants can likewise be understood from their relation
to operator two- and three-point functions. The 4d N = 1 superconformal constraints
on operator two- and three-point functions were analyzed, using a superspace analysis
by Osborn [11], and we’ll here review, and heavily use, his framework. A quick way to
understand why superdescendant three-point functions are generally not fully determined by
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the primaries is to note that N = 1 supertranslations and superconformal transformations
only suffice to eliminate the Grassmann coordinates at two points in superspace—the third
Grassmann coordinate in three-point functions remains. This explains the existence of the
nilpotent three-point function superconformal invariant building blocks, Θ and Θ¯, found in
superspace in [11] (see also [14]).
As an illustration, consider the superspace expression for current three-point functions
[11], capturing the G structure functions fabc and TrG
3 ’t Hooft anomaly k,
〈Ja(z1)Jb(z2)Jc(z3)〉 = 1
x3¯12x1¯32x3¯22x2¯32
[
i
fabcτ
128pi6
(
1
X23
− 1
X¯23
)
+
dabck
256pi6
(
1
X23
+
1
X¯23
)]
,
(1.4)
with notation reviewed in section 3.1. For now we will just say that X − X¯ = 4iΘΘ¯, with
Θ ∼ θ’s in superspace. The fabc terms in (1.4) do not contribute if we restrict (via θ → 0)
to superconformal primary components, but do contribute for superdescendants. Explicitly,
in (1.3), the fabc term is a descendant coefficient that is unrelated to the kdabc primary
coefficient. In (1.4) the Θ dependence is at least determined by G symmetry. For general
operators, the Θ dependence is ambiguous, not fully determined by the symmetries.
We will here study the general constraints of superconformal symmetry on the two-
and three-point functions relevant for the J(x)J(0) sOPE, and how the sOPE coefficients
are obtained from these correlators. We will do this both using the superspace results
of Osborn [11] for the relevant two- and three-point functions, and also directly from
the superconformal algebra. As we’ll discuss, the fact that the currents are conserved
here allows the superspace Θ dependence to be completely fixed. Thus, the coefficients
of the superconformal primaries in the J(x)J(0) OPE suffice to fully determine all OPE
coefficients of all descendants. We will discuss the contributions on the RHS of the J(x)J(0)
OPE from integer-spin real U(1)R-charge-zero superconformal primaries, Oµ1...µ` , and their
superdescendants.3
The paper is organized as follows: section 2 briefly reviews the aspects of the OPE in 4d
CFTs that we will use in the following discussion. Section 3 discusses superconformal theo-
ries, and the constraints of superconformal symmetry on two- and three-point functions and
the OPE. The superspace formalism of [11], and the recent results about chiral-chiral and
3Note added (April 2014 revision): as was later found in [15], there are additional contributing Lorentz
representations. This revised version will also correct a couple of errors in our original version’s coefficients,
as pointed out to us by the authors of [15] and [16]; see these papers for further details. We thank the authors
of [15,16] for bringing these issues to our attention, and for sharing their interesting results with us prior to
their general posting.
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chiral-anti-chiral OPEs [17–19], are reviewed. In section 4 we consider the current-current
OPE, showing how the additional constraints of the current’s conservation constrains the
〈JJO〉 three-point functions, and hence the OPE. We show that only real, U(1)R-charge
zero, integer-spin operators O(`), and their superconformal descendants, can appear on the
RHS of the J(x)J(0) OPE. We show that the OPE coefficients within each supermultiplet
are fully specified by a single OPE coefficient. The dependence on the nilpotent invariant
Θ mentioned above is here fully determined by the J current conservation.
In section 5 we discuss aspects of four-point functions and their conformal blocks, where
the four-point function is factorized into an OPE sum of intermediate operators, and their
descendants, in the s, t, or u channel. In N = 0 theories, the contribution of an inter-
mediate primary operator of dimension ∆ and spin ` is given by a known function [20],
g∆,`(u, v), which accounts for the sum over descendants and is independent of the external
operators. There is no general analog of such a general “superconformal block” in SCFTs,
because of the generally ambiguous dependence on the super-descendants in the sOPE.
This ambiguity is resolved when the external operators are in reduced multiplets, in par-
ticular the chiral and anti-chiral multiplets discussed in [18] and the conserved currents
discussed here. The superconfomal blocks, then, depend on the type of external states. We
review the results of [18] for N = 1 superconformal blocks Gφφ∗;φφ∗∆,` , and briefly mention
how Gφφ;φ∗φ∗∆,` differs. Then we discuss the N = 1 superconformal blocks for GJJ ;JJ∆` and
GJJ ;φφ∗∆,` . Finally, we discuss these quantities in N = 2 SCFTs, where they are related by
the additional SU(2)I symmetry.
Section 6 summarizes our findings and discusses possible applications of the results.
Finally, appendix A summarizes some of the relations of the (super)conformal algebra, and
our sign conventions.
2. Review of OPE results in the non-SUSY case
Aspects of CFTs and the OPE are discussed in many references and reviews. We will here
review, for completeness, some of the main points for our later use. We summarize the
algebra and our sign conventions in appendix A.
2.1. Primaries and descendants and their two- and three-point functions
Representations of the conformal group are built by regarding Pµ and Kµ as raising and low-
ering operators, respectively; they raise or lower operator dimension by one unit. Each irre-
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ducible representation has a lowest, “quasi-primary” operator at the bottom, which is anni-
hilated by all lowering operators at the origin, xµ = 0. (The origin is a distinguished point,
as the fixed point of scale transformations.) The quasi-primary has an associated tower of
“descendant” operators above it, generated by [Pµ, ?]; this accounts for the fact that the
operators can anyway be translated to a general point via OI(x) = e−iP ·xOI(0)eiP ·x.
Conformal symmetry completely determines the form of the n ≤ 3-point functions, in
terms of the operator dimensions, up to the overall normalization coefficients. This follows
from the fact that conformal transformations can be used to map any three points xµ1,2,3
to wherever one pleases. For example, we can use translation symmetry to map xµ1 = 0,
and special conformal symmetry to make xµ3 = ∞, and then use Lorentz symmetry and
dilatations to map xµ2 to a canonical unit vector.
Scale invariance implies that the only non-zero one-point function is that of the identity
operator, which is the only operator with ∆O = 0:
〈Oa(x)〉 = δa,0, O0 ≡ 1. (2.1)
The two-point functions of primary operators take the form
〈Osii (xi)Osjj (xj)〉 =
cij
r∆iij
P sisj(xij), x
µ
ij ≡ xµi − xµj , rij ≡ x2ij. (2.2)
Here cij are constant normalization coefficients, the analog of the Zamolodchikov metric
on the space of deformations in 2d. Conformal symmetry implies that cij vanish unless
the two operators have the same operator dimension, cij ∝ δ∆i,∆j , and of course the same
spin. The si,j in (2.2) are Lorentz indices and P
sisj(x) is an appropriate representation of
the rotation group, e.g. P = 1 for scalars or, taking both operators to have spin `, with
si = (µ1 . . . µ`) and sj = (ν1 . . . ν`), both symmetrized and traceless [13],
P sisj(x) = I(µ1ν1(x) · · · Iµ`ν`)(x), Iµν(x) ≡ ηµν − 2x
µxν
x2
, (2.3)
with the Lorentz indices symmetrized and traceless.
Conformal symmetry implies that primary operator three-point functions have the form
〈Osii (xi)Osjj (xj)Oskk (xk)〉 =
cijk
r
1
2
(∆i+∆j−∆k)
ij r
1
2
(∆i+∆k−∆j)
ik r
1
2
(∆j+∆k−∆i)
jk
P sisjsk(x), (2.4)
where cijk are constants and P
sisjsk(x) is a fixed tensor depending on the Lorentz spins of
the operators, e.g. P = 1 for scalar operators, that is determined in [13]. Of course, (2.4)
reduces to (2.2) if any of the operators is the identity, so c0ij = cij. A case of particular
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interest here is for two scalar primaries and one spin-` primary operator, where the explicit
form of (2.4) is
〈Oi(xi)Oj(xj)O(µ1...µ`)k (xk)〉 =
cijk
r
1
2
(∆i+∆j−∆k+`)
ij r
1
2
(∆k+∆ij−`)
ik r
1
2
(∆k−∆ij−`)
jk
Z(µ1Zµ2 · · ·Zµ`),
(2.5)
where ∆ij ≡ ∆i −∆j, and
Zµ ≡ x
µ
ki
rik
− x
µ
kj
rjk
, Z2 =
rij
rikrjk
, (2.6)
which is called Xµji in the notation of [13] and X
µ
k |θ,θ¯=0 in the notation of [11] that we’ll
use shortly.
The primary two- and three-point functions (2.2) and (2.4) fully determine those of all
descendants. For example, we can replace Osjj (xj) with [Pµ,Osjj (xj)] = i∂µOsjj (xj) in (2.2)
and (2.4) simply by taking i∂/∂xµj of the LHS.
The above expressions can be written in terms of (radial quantization) states: using
translation symmetry to map xi → 0, the (say scalar) operator Oi(xi) creates an in-state,
lim
xi→0
Oi(xi)|0〉 = |Oi〉. (2.7)
Using conformal symmetry to map xj →∞, Oj(xi) likewise creates an out-state,
lim
xj→∞
〈0|Oj(xj)x2∆jj = 〈Oj|, (2.8)
where the x
2∆j
j factor follows, for example, via an inversion, x
′
µ = xµ/x
2, with O′j(x′) =
Ωinv(x)∆jOj(x), Ωinv(x) = x2 (see appendix A), which maps (2.7) to (2.8). Then, (2.2) and
(2.5) give (taking (xi, xj, xk)→ (0,∞, x), (2.6) gives Zµ → xµ/x2)
〈Oj|Oi〉 = cij,
〈Oj|O(µ1...µ`)k (x)|Oi〉 =
cijk
(x2)
1
2
(∆i+∆j−∆k+`)
x(µ1 · · · xµ`).
2.2. The OPE; descendants from primaries
The OPE contains precisely the same information as the two- and three-point functions:
Osii (xi)Osjj (xj) =
cijP
sisj(xij)
r∆iij
1 +
∑
k′
ck
′
ij
r
1
2
(∆i+∆j−∆k′ )
ij
[F k
′
ij (xij, P ),Ok′ ](sk′ )(xj). (2.9)
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The function F k
′
ij (xij, P ) gives the coefficients of the descendant operators and depends only
on the operator dimensions ∆i,j,k′ and spins si,j,k′ . Taking expectation values of both sides
yields (2.2) from the unit operator O0 ≡ 1 on the RHS of (2.9), so cij = c0ij.
To relate the OPE (2.9) to the three-point functions (2.4) we multiply both sides of
(2.9) by Oskk (xk) and then, taking the expectation value, use (2.2) to evaluate the remaining
two-point function 〈Osk′k′ (xj)Oskk (xk)〉. This gives the relation
cijk = c
k′
ijckk′ , or equivalently c
k
ij = cijk′c
k′k for primaries, (2.10)
where ckk
′
ck′m = δ
k
m, summing the dummy index k
′. It follows from (2.10) that, e.g.
ckij = c
k`cjmc
m
i` . (2.11)
The relations (2.10) follow from matching the OPE (2.9) to merely the leading xij → 0
dependence in the three-point functions (2.4). This leading dependence comes from restrict-
ing to primary operators on the RHS of the OPE, dropping the [Pµ, ?] descendant terms.
Matching to the full xij, xjk, and xik dependence in (2.4) will determine the coefficients
of all the [Pµ, ?] descendant terms, i.e. the function F
k
ij(xij, P ), in the OPE (2.9). These
functions incorporate also the spin dependence, which is a complication that we won’t need
to deal with in full generality. It’ll suffice here to focus on the OPE of scalar operators.
Consider then the OPE of two scalar operators, which generally includes non-zero
integer-spin-` primary operators O(µ1...µ`)k′ (with symmetrized indices) on the RHS,
Oi(xi)Oj(xj) =
∑
O`
k′
ck
′
ij
r
1
2
(∆i+∆j−∆k′ )
ij
F
∆k′ ;`
∆i∆j
(xij, P )µ1...µ`O(µ1...µ`)k′ (xj). (2.12)
The (odd) even spin ` terms are (anti-) symmetric under Oi ↔ Oj. For simplicity, consider
first the spin ` = 0 primary operators on the RHS,
Oi(xi)Oj(xj) ⊃
∑
O`=0
k′
ck
′
ij
r
1
2
(∆i+∆j−∆k′ )
ij
F
∆k′
∆i∆j
(xij, P )Ok′(xj). (2.13)
The function F
∆k′
∆i∆j
(x, P ) satisfies F
∆k′
∆i∆j
(x = 0, P ) = 1, to give the leading xij → 0 singu-
larity from the primary Ok′ . The higher-order terms in F account for the OPE coefficients
of Ok′ ’s descendants, which are fully determined by the conformal symmetry; reproducing
the three-point functions gives one derivation [12]: we multiply (2.13) by Ok(xk) and take
expectation values of the resulting two-point function using (2.2), with P = 1 for this scalar
case, and then require that the result reproduces the three-point functions (2.4), again with
P = 1. This determines that, for this scalar case,
F∆k∆i∆j(xij, P → i∂xj) = C
1
2
(∆k+∆i−∆j), 12 (∆k−∆i+∆j)(xij, ∂xj), (2.14)
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where the function on the RHS is defined to be the solution of
Cab(xij, ∂xj)
1
ra+bjk
=
1
raikr
b
jk
, (2.15)
(see e.g. [17] for details, as well as the generalization for the general spin-` operators) such
that (2.12) reproduces the three-point functions (2.5).
One can also obtain the functions F∆k∆i∆j(x, P ) that capture the descendant OPE coef-
ficients by requiring that [Kµ, ?] gives the same result when taking ? = the LHS and the
RHS of (2.13). Using the algebra and action of Kµ, given in appendix A, this gives
i(x2∂µ − 2xµx · ∂ − 2∆ixµ)
(
F∆k∆i∆j(x, P )
(x2)
1
2
(∆i+∆j−∆k)
)
=
1
(x2)
1
2
(∆i+∆j−∆k)
[Kµ, F
∆k
∆i∆j
(x, P )], (2.16)
treating the primaries Ok as a basis of independent operators. This equation can be solved
exactly, see the original papers [12]. As an expansion in powers of x, it is straightforward
to use the algebra to see that (2.16) is solved by
F∆k∆i∆j(x, P ) = 1−
i
2
(
∆k + ∆i −∆j
∆k
)
x · P + · · · .
2.3. Conserved-current leading OPE singularities from their charges
The normalization of conserved currents, their leading OPE with other operators and them-
selves, is determined in terms of the operator’s conserved-charge value. Conserved currents
jaµ(x) are real, spin-` = 1, ∆jµ = 3 operators. For simplicity, consider first the case of a
U(1) current, jµ(x), in the three-point function with a scalar operator of U(1) charge qO,
〈O(x1)O†(x2)jµ(x3)〉 = −iqO cOO†
2pi2
Zµ
r∆O−112 r13r23
, (2.17)
where we use (2.5). The i is needed for jµ to assign the correct charge to the operator, and
it ensures that (2.17) is Hermitian with the exchange x1 ↔ x2, which takes Zµ → −Zµ.
More generally, the OPE of a conserved current jaµ(x) with primary operator OI(x) (a is
an adjoint index and I runs over O’s representation) is
jaµ(x)OI(0) = −i(taO)IJ
xµ
2pi2x4
OJ(0) + less singular, (2.18)
where taO is the representation of the operator; for a U(1) current, tO = qO the U(1) charge,
and we take O to be a Lorentz scalar for simplicity. For an operator J b in the adjoint
representation, (ta)bc = ifabc so (2.18) becomes
jaµ(x)J
b(0) = fabc
xµ
2pi2x4
Jc(0) + less singular. (2.19)
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Using (2.11) with (2.18) determines the coefficient of jaµ on the RHS of the O†I(x)OJ(0)
OPE. In particular, (2.19) leads to the fabc term on the RHS of (1.3).
The OPE of the stress-energy tensor with the operator is [13]
Tµν(x)O(0) = −2∆O
xµxν − 1
4
ηµνx
2
3pi2x6
O(0) + less singular. (2.20)
It follows from (2.17) and (2.20) and (2.11) that (using cTT = 40c/pi
4)
O†(x)O(0) = cO†O
x2∆O
1− iqO 2pi
2
3τ
cO†Oxµ
x2(∆O−1)
jµ(0) + ∆O
pi2
60c
cO†Oxµxν
x2(∆O−1)
Tµν(0) + . . . (2.21)
These relations between the leading singularities and the charges can be shown, much
as in 2d, by computing the charge operator by integrating the current over a spatial S3 in
radial quantization, and then using the OPE where it hits the other operators. Properly
regulated, this yields the commutator of the charge with the operator and the leading
singularity gives the operator’s charge value. Equivalently, the leading term coefficients in
(2.18) and (2.20) are fixed as they give the correct contact terms in the conserved current’s
Ward identities for ∂µjµ, ∂
µTµν , and T
µ
µ . This can be shown [13] by treating the x → 0
singularities in (2.18) and (2.20) with differential regularization [21]:
R
(
1
x2η
)
=
1
x2η
− µ
2η−4
4− 2η2pi
2δ(4)(x) = − 1
4− 2η∂
2
(
1
2η − 2
1
x2η−2
− µ
2η−4
2
1
x2
)
,
and for 2η → 4,
R
(
1
x4
)
= −1
4
∂2
(
1
x2
ln(µ2x2)
)
.
The normalization of the currents is fixed by the above conditions, that their OPEs
with operators give the correct operator charges. The leading singularities in the self-
OPEs jaµ(x)j
b
ν(0) and Tµν(x)Tρσ(0) are similarly determined from Ward identity contact
terms. The current-current OPE leading terms are
jaµ(x)j
b
ν(0) = 3τ
ab Iµν(x)
4pi4x6
1 + 2fabc
xµxνx
κ
pi2x6
jcκ(0) + kd
ab
c
D κλµν (x)xλ
8pi2x4
jcκ(0) + · · · , (2.22)
where fabc are the group structure constants, and kd
ab
c is the coefficient of the TrG
3 ’t
Hooft anomaly. The leading terms in the stress-tensor self-OPE are more involved to write
out, because of all the indices, see [13]. The terms ∼ 1/xn for integer n contribute to
the conformal anomaly 〈T µµ 〉 when the operators are coupled to background sources, see
e.g. [22] for a nice discussion. In particular, τab = τδab gives the contribution to 〈T µµ 〉 when
jaµ(x) are coupled to external sources A
a
µ(x), which shows that τ gives the contribution to
the one-loop beta function for the gauge coupling if the G symmetry is weakly gauged.
9
3. 4d N = 1 SCFT primaries, descendants, and OPEs
The N = 1 superconformal algebra (isomorphic to SU(2, 2|1)) extends the conformal alge-
bra with the supercharges Qα and Q¯α˙, the superconformal supercharges, S
α and S¯α˙, and
the U(1)R-generator, R. (See appendix A for more details about the algebra.)
Representations are formed by regarding Pµ, Qα, and Q¯α˙ as the raising operators, and
Kµ, S
α, S¯α˙ as the corresponding lowering operators. If an operator O has (∆, r) for its
operator dimension and R-charge, respectively, then Qα(O) ≡ [Qα,O} has (∆+ 12 , r−1) and
e.g. Sα(O) ≡ [Sα,O} has (∆− 1
2
, r + 1). The superconformal quasi-primary operators are
Q¯
P
Q
K
S¯ S
∆
r
Fig. 1: A representation of the superconformal group.
at the bottom of the representations, annihilated by all lowering operators at the origin,
xµ = 0. Each superconformal quasi-primary has a tower of superconformal descendant
operators above it, obtained by acting with the raising operators; this is represented by
the dots in Fig. 1, with the superconformal quasi-primary operator at the bottom.4 The
other operators on the bottom left and right edges, e.g. Qα(O), are conformal primaries
but superconformal descendants.
4In special cases some superconformal descendants are also primaries, i.e. annihilated by the lowering
operators. Such operators are zero-norm null states, that must be set to zero, leading to a truncated repre-
sentation. Examples are chiral primary operators O, where Q¯α˙(O) ≡ [Q¯α˙,O] is null, and (semi-)conserved
currents J , where Q2(J) ≡ {Qα, [Qα, J ]} is null.
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Every SCFT has a superconformal U(1)R-plus-stress-energy-tensor supermultiplet [8]
Tµ(z) = jRµ (x) + θαSαµ(x) + θ¯α˙S¯α˙µ(x) + 2θσν θ¯Tνµ(x) + · · · , (3.1)
where the · · · are derivative terms, determined by the conservation equation D¯α˙Tαα˙ = 0.
The primary component jRµ (x) = Tµ| is the conserved superconformal U(1)R symmetry
current, with ∆jRµ = 3. The supercurrents Sαµ (x), S¯ α˙µ (x), and the stress-energy tensor
Tµν(x) are among its descendants. The leading short distance singular terms in the OPE of
Tµ(z) with other operators, including itself, have coefficients with interesting universality [9]
interpretations, fixed in terms of the dimension and R-charges of the operators, ’t Hooft
anomalies, and the central charges a and c. The supersymmetry relations among the jµR
and Tµν operators in (3.1) then yields the relations of [10] and [11] between the central
charges and the U(1)R ’t Hooft anomalies.
Knowing how the superconformal generators act on the operator representations at
xµ = 0, their action at a general point xµ follows from OI(x) = e−iP ·xOI(0)eiP ·x and the
algebra. For example, for a scalar superconformal primary, it follows that
[Sα,O(x)] = ix · σ¯α˙α[Q¯α˙,O(x)]. (3.2)
As another example, raising and then lowering a scalar superconformal primary yields
SβQα(O(x)) = 2(σµν βα x[µ∂ν]+δ βα x·∂)O(x)−ix·σ¯α˙βQαQ¯α˙(O(x))+(2∆O+3rO)δ βα O(x), (3.3)
where, again, we define SβQα(O(x)) ≡ {Sβ, [Qα,O(x)]}.
Considering (3.3) at xµ = 0, it’s seen that Qα(O(0)) is null only if ∆O = −32rO;
these are the anti-chiral primaries. Similarly, it follows from SαQ2(O(0)) = 2[2(2−∆O)−
3rO]Qα(O(0)), that Q2(O) is null only if ∆O = 2− 32rO. Likewise, Q¯2(O)(0) is null only if
∆O = 2 + 32rO. Conserved current operators satisfy both conditions,
Q2(J(x)) = Q¯2(J(x)) = 0, (3.4)
and so ∆J = 2 and rJ = 0. The scalar primary operator J(x) has the conserved current
jµ as a superpartner descendant, jµ(x) = −14 σ¯α˙αµ [Qα, Q¯α˙]J(x).
One might anticipate that, much as in (2.13), the OPE for all operators is completely
determined by those for the superconformal primaries,
Oi(x)Oj(0) ?=
∑
sprimary
Ok
ckij
(x2)
1
2
(∆i+∆j−∆k)
F kij(x, P,Q, Q¯)Ok(0), (3.5)
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where “sprimary” is shorthand for “superconformal primary”, with the superconformal
descendant OPE coefficients completely determined from those of the superconformal pri-
maries. But as we mentioned after (1.4), this is generally incorrect. This is already known,
but perhaps not widely so. We can illustrate an example of from what we’ve discussed
so far: consider the OPE O†(x)O(x), where O is a scalar operator with superconformal
U(1)R charge rO and dimension ∆O. It follows from (2.21) that
O†(x)O(0) ⊃ −irOpi
2
8c
cO†Oxµ
x2(∆O−1)
jµR(0) + ∆O
pi2
60c
cO†Oxµxν
x2(∆O−1)
Tµν(0) + · · · , (3.6)
where we used the supersymmetry relation between the coefficient τRR of the j
µ
R two-point
function and the conformal anomaly c, τRR = 16c/3 (see e.g. [23]). Equivalently,
Tµ(z)O(0) ⊃
(
−irO xµ
2pi2x4
− 4∆O 1
3pi2x6
θσν θ¯(xµxν − 14x2ηµν)
)
O(0) + · · · . (3.7)
For a general operator O, the coefficients rO and ∆O in (3.6) or (3.7) are not propor-
tional to each other (only for chiral or anti-chiral primaries is there a fixed proportionality).
So, for general operators O, the two terms on the RHS of (3.6) have two independent OPE
coefficients, for the primary operator, jµR, and its super-descendant, T
µν . This illustrates
that (3.5) can not hold with any universal functions F kij. Generally, the coefficients of the
Q and Q¯ descendant terms in F in (3.5) are independent coefficients, not fixed by the
symmetries. This all follows from the general superpace analysis of Osborn [11], that we’ll
now review.
3.1. Two and three-point functions using the superspace analysis of [11]
Operators are labeled by (j, ¯, q, q¯), where (j, ¯) are the Lorentz spins, q ≡ 1
2
(∆ + 3
2
r) and
q¯ ≡ 1
2
(∆ − 3
2
r), where ∆ is the operator’s dimension and r its R-charge. Chiral operators
have q¯ = 0, real operators have q = q¯ = 1
2
∆, and conserved currents have q = q¯ = 1.
The form of two-point functions of arbitrary superconformal primaries is completely fixed
in [11] by superconformal invariance, up to overall coefficients ckk¯ (which could be set to
δkk¯ by choice of operator normalization for some operators (but not J or Tµ)):
〈Oi3k (z2)O¯ı¯3k¯ (z3)〉 = ckk¯
I i3 ı¯3(x23¯, x2¯3)
x2¯32q¯3x3¯22q3
. (3.8)
Here zi denotes superspace coordinates, zi = (x
µ
i , θ
α
i , θ¯
α˙
i ), x
µ
ij = x
µ
i − xµj , θαij = θαi − θαj , and
xı¯j
µ = xµij − iθiσµθ¯j + iθjσµθ¯i − iθijσµθ¯ij.
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I i3 ı¯3(x23¯, x2¯3), where xi¯
µ = −x¯iµ, is a bilocal invariant tensor in the spin indices i3, ı¯3,
reducing to 1 for scalars (see [11] for the explicit expression).
The form of three-point functions is determined in [11] to be
〈Oi11 (z1)Oi22 (z2)O†i33 (z3)〉 =
I i1 ı¯11 (x13¯, x1¯3)I
i2 ı¯2
2 (x23¯, x2¯3)
x1¯32q¯1x3¯12q1x2¯32q¯2x3¯22q2
ti3ı¯1 ı¯2(X3,Θ3, Θ¯3). (3.9)
We called the third operator O†3 because we’re eventually interested in the OPE, O1O2 ∼
O3. Xµ3 is a 4-vector formed from the superspace coordinates zi=1,2,3 = (xi, θi, θ¯i) [11],
X3 ≡ x21¯x˜1¯2x23¯
x1¯32x3¯22
; (X3)αα˙ = σµαα˙X
µ
3 , x˜
α˙α = αβα˙β˙xββ˙. (3.10)
The spinor quantities in (3.9) are given by
Θ3 ≡ i
(
1
x1¯32
x31¯θ¯31 − 1
x2¯32
x32¯θ¯32
)
, Θ¯3 ≡ i
(
1
x3¯12
θ31x13¯ − 1
x3¯22
θ¯32x23¯
)
, (3.11)
which are nilpotent, they vanish upon setting the Grassmann coordinates to zero, and they
don’t have a direct analog in ordinary conformal theories. Xµ3 is a superspace extension of
the vector Zµ defined in (2.6), Zµ =
xµ31
r13
− xµ32
r23
. For example, setting the Grassmann part
of the zi=1,2 coordinates to zero, and defining Y
µν ≡ µνρλ x
ρ
13x
λ
23
r13r23
, we find
Xµ3 |θi=1,2=θ¯i=1,2=0 = Zµ + [i(Z2ηµν − 2ZµZν) + 2Y µν ]θ3σν θ¯3 + Z2
(
xµ12
r12
− Zµ
)
θ23 θ¯
2
3 (3.12)
(the red terms will drop out). The function t in (3.9) is generally under-determined,
constrained only by a homogeneity condition corresponding to the scale and R-charges:
ti3ı¯1 ı¯2(λλ¯X, λΘ, λ¯Θ) = λ
2aλ¯2a¯ti3ı¯1 ı¯2(X,Θ, Θ¯), (3.13)
with
a− 2a¯ = q¯1 + q¯2 − q3, a¯− 2a = q1 + q2 − q¯3. (3.14)
Conformal three-point functions of primaries have a fully-determined dependence on
the operator locations, which can be viewed as a consequence of the fact that ordinary
conformal symmetry transformations can be used to map any three points to any three
other points. But superconformal symmetry does not suffice to map three super-positions
zi to wherever one pleases, and that is related to the existence of the Θ, Θ¯ in (3.9) and
(3.11). Indeed, supertranslations can be used to set, say, z1 = 0 and superconformal
transformations can be used to map, say, x2 =∞ and θ2 = θ¯2 = 0. Then we are left with
the z3 ≡ z superspace coordinate, which we can act on with ordinary rotations, U(1)R
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rotations, and scale transformations. With these mappings, Xµ3 is given by (3.12) with
Zµ → xµ/x2, xµ12/r12 → 0 and Y µν → 0. The nilpotent quantities (3.11) map to
Θ→ i
x2
(x− iθθ¯)θ¯, Θ¯→ −i
x2
θ(x + iθθ¯). (3.15)
The existence of Θ3 and Θ¯3, and the fact that t’s dependence on them is generally under-
determined by (3.13), implies that the three-point functions of superconformal primaries
are generally insufficient to fully determine those of their superconformal descendants.
The superconformal primary three-point functions are extracted by setting the Grassmann
coordinates to zero, but that’s generally insufficient to determine the Θ3 and Θ¯3 dependence
(since they then vanish), which is needed to determine the three-point function of general
superconformal descendants. So the OPE coefficients of superconformal primaries generally
do not fully determine those of their superconformal descendants.
This general ambiguity in the function t(X,Θ, Θ¯) is eliminated only in special cases,
when some of the three operators are in reduced superconformal representations, with
null states, e.g. chiral primaries, anti-chiral primaries, or conserved currents. Superspace
derivatives on the operators Oi in (3.9) can be converted into differential operators acting
on the function t(X3,Θ3, Θ¯3), and so constraints on the operators lead to corresponding
constraints on the function t(X3,Θ3, Θ¯3). In particular, acting on say O1, one replaces
Dα → Dα and D¯α˙ → D¯α˙, which act on t(X,Θ, Θ¯) as [11]
Dα = ∂
∂Θα
− 2i(σµΘ¯)α ∂
∂Xµ
, D¯α˙ = − ∂
∂Θ¯α˙
, (3.16)
with X¯ = X − 4iΘΘ¯. As examples, we’ll first review the cases that have been discussed in
the literature, where O1 and O2 are chiral or anti-chiral operators. In the following section,
we’ll consider our case of interest: conserved currents.
3.2. Review of chiral-chiral OPEs [17–19]
Take the operators O1 and O2 in the three-point function (3.9) to both be chiral primaries,
which we’ll write as Oi = φi. The condition D¯α˙φ1 = 0 implies that D¯α˙t = 0 for the operator
in (3.16), with a similar condition for D¯α˙φ2. If we take φ1 and φ2 to be the same operator,
the latter condition is accounted for by the z1 ↔ z2 symmetry, which implies
t(X3,Θ3, Θ¯3) = t(−X¯3,−Θ3,−Θ¯3). (3.17)
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The solutions for t(X3,Θ3, Θ¯3) are [17–19]
t ∼ constant,
t ∼ Θ¯3X¯∆O−∆i−∆j−1−`3 X¯µ13 · · · X¯µ`3 ,
t ∼ Θ¯23X¯∆O3−∆i−∆j−`+13 Xµ13 · · ·Xµ`3 .
The case t ∼ constant implies that the operator O3 in the three-point function (3.9) is also
chiral, O3 = φk, with R(OI3) = R(φi)+R(φj)−2; this is the chiral ring. The other two cases
for t have factors of Θ¯3 and Θ¯
2
3, corresponding to operators O3 in (3.9) that are Q¯α and
Q¯2 exact (hence trivial in the chiral ring, but nevertheless important for non-holomorphic
considerations). Correspondingly, the possible terms in the OPE are
φi(x)φj(0) = c
k
ijC(x, P )φk(0) +
∑
OI
cO
I
ij Q¯CI(x, P )OI(0) +
∑
OJ
cO
J
ij Q¯
2CJ(x, P )OJ(0), (3.18)
where ckij, c
OI
ij , and c
OJ
ij are constant OPE coefficients. The operators OJ in (3.18) have even
spin, ` = 2j1 = 2j2, and R(OJ) = 23(∆i+∆j)−2 (so unitarity requires ∆O ≥ |32RO|+ `+2).
To give a simple example, consider a theory with a chiral superfield Φ, K = Φ¯Φ and
W = λΦn+1/(n + 1). Then, the equation of motion Φn = −Q¯2Φ¯/λ illustrates the last
term in (3.18). The OI possibility in (3.18) runs only over superconformal primaries with
R(OJ) = 23(∆i + ∆j)− 1, spins (j1, j2) = (12(`+ 1), 12`), with ` odd for (3.17), and ∆(OJ) =
∆i + ∆j + `+
1
2
, where ∆ is fixed (saturating a unitarity bound) because the operator OJ
must be in a shortened multiplet to have both sides of (3.18) annihilated by Q¯α˙.
In (3.18) we have written just the first components of the superfields on the LHS. The
full superfield expression for the first term in (3.18) was worked out in [17]:
Φi(z1+)Φj(z2+) ⊃ ckijCqi,qj(z12+, ∂z2+)Φk(z2+), (3.19)
which has no x12 singularity since qk = qi + qj for the chiral ring, and
Cq1,q2(z12+, ∂z2+)
1
(x2+ − 2iθ2σθ¯ − x−)2q1+2q2
=
1
(x1+ − 2iθ1σθ¯ − x−)2q1(x2+ − 2iθ2σθ¯ − x−)2q2
,
which was solved for in [17] in a superspace expansion in θ12, with components given by
the functions Cab(x12, ∂x2) in (2.15).
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3.3. Review of chiral-anti-chiral OPE [18]
Let the operators O1 and O2 in (3.9) be chiral and anti-chiral respectively. As in [18], for
simplicity we’ll take O1 = Φ and O2 = Φ¯, the conjugate field. The conditions D¯1,α˙t = 0 and
D2,αt = 0 then imply that the operator O3 must be real and of integer spin ` = 2j = 2¯,
with [18]
〈Φ(z1+)Φ¯(z2−)Oµ1...µ`(z3)〉 ∝ 1
x3¯12∆Φx2¯32∆Φ
X¯∆O−2∆Φ−`3 X¯
µ1
3 · · · X¯µ`3 − traces. (3.20)
The result (3.20) encodes interesting relations among the component OPE coefficients. We
will review this in some detail, following [18], since many details will prove applicable for
our case of interest, to be discussed in the next section.
Real operators Oµ1...µ` in (3.20) have a superspace expansion
Oµ1...µ`(x, θ, θ¯) = Aµ1...µ`(x) + ξµBµµ1...µ`(x) + ξ2Dµ1...µ`(x) + · · · , (3.21)
where ξµ ≡ θσµθ¯ and · · · are operators with non-zero R-charge. The A component is
primary, and the others others are all A’s descendants: defining Ξµ ≡ σ¯µα˙α[Qα, Q¯α˙],
Bµµ1...µ` = −1
4
ΞµAµ1...µ` , Dµ1...µ` = − 1
64
ΞµB
µµ1...µ` − 1
16
∂2Aµ1...µ` . (3.22)
The operators Aµ1...µ` and Dµ1...µ` are irreducible spin-` representations, while Bµµ1...µ` de-
compose into Bµµ1...µ` = Mµµ1...µ` + `
2
(`+1)2
ηµµ1Nµ2...µ` + Lµµ1...µ` , where M (called J in [18])
is a spin ` + 1 operator, N is a spin ` − 1 operator, and L = L+ + L−, with L± in the
(1
2
`± 1
2
, 1
2
`∓ 1
2
) representation of SU(2)× SU(2). The operators B and D can be decom-
posed into conformal primary and descendant contributions [18], with Mµµ1...µ`prim = M
µµ1...µ` ,
Nµ2...µ`prim = N
µ2...µ` , and (P hereµ = −iP thereµ , as we prefer Hermitan generators)
Lµµ1...µ`prim = L
µµ1...µ` − `
4(∆− 1)
µµ1
νρiP
νAρµ2...µ` ,
Dµ1...µ`prim = D
µ1...µ` − `(`+ 1)− (∆− 1)
8(∆− 1)2 P
2Aµ1...µ` +
`2
4(∆− 1)2PνP
µ1Aνµ2...µ`
− `
4(∆− 1)
µ1ν
ρσiPνL
ρσµ2...µ` .
(3.23)
Setting for example θ1 = θ2 = θ¯1 = θ¯2 = 0 in (3.20) to extract the three-point functions
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for φ = Φ| and φ¯ = Φ¯|, it is found that [18]
〈φφ∗Aµ1...µ`〉 = cφφ∗O`
Z∆−`
r∆Φ12
Zµ1 · · ·Zµ` ,
〈φφ∗Mµµ1...µ`prim 〉 = icφφ∗O`(∆ + `)
Z∆−`
r∆Φ12
ZµZµ1 · · ·Zµ` ,
〈φφ∗Nµ2...µ`prim 〉 = icφφ∗O`
(`+ 1)(∆− `− 2)
2`
Z∆+2−`
r∆Φ12
Zµ2 · · ·Zµ` ,
〈φφ∗Lµµ1···µ`prim 〉 = 0,
〈φφ∗Da1···a`prim 〉 = −cφφ∗O`
∆(∆ + `)(∆− `− 2)
8(∆− 1)
Z∆+2−`
r∆Φ12
Zµ1 · · ·Zµ` ,
(3.24)
where Z is the quantity in (2.6) and the products like Zµ1 · · ·Zµ` are to be understood as
symmetrized traceless. The primary three-point functions (3.24) indeed have the form (2.5),
involving only the coordinate Zµ. Indeed, 〈φφ∗Lprim〉 had to vanish, since it’s impossible to
form something with L’s Lorentz structure using only Zµ. The upshot of (3.24) is that the
coefficient cφφ∗O` = cφφ∗A` of the superconformal primary A indeed completely determines
those of the descendants, M , N , Lprim, and Dprim:
cφφ∗M`+1 = i(∆ + `)cφφ∗A` ,
cφφ∗N`−1 = i
(`+ 1)(∆− `− 2)
2`
cφφ∗A` ,
cφφ∗Lprim = 0,
cφφ∗D`;prim = −
∆(∆ + `)(∆− `− 2)
8(∆− 1) cφφ∗A` .
(3.25)
To convert (3.25) to relations among the OPE coefficients, we can use ckij = cijk′g
k′k
(2.10), and the relations among the two-point function normalizations. The two-point
function of A` is proportional to
〈Aν1...ν` |Aµ1...µ`〉 ∼ symmetrize(ηµ1ν1 · · · ηµ`ν`)− traces ≡ Iµ1...µ`;ν1...ν`` .
Likewise, the two-point functions of M`+1, N`−1, and D` are proportional to I`+1, I`−1,
and I`, respectively, and 〈Lνν1...ν`prim |Lµµ1...µ`prim 〉 ∼ ηµνIµ1...µ`;ν1...ν`` . The proportionality factors
for the two-point function normalization of the super-descendants, relative to the primary
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component, are given by [18]
cM`+1M`+1 = 2(∆ + `)(∆ + `+ 1)cA`A` ,
cN`−1N`−1 =
2(`+ 1)2(∆− `− 2)(∆− `− 1)
`2
cA`A` ,
cLprimLprim =
8`2∆(∆ + `)(∆− `− 2)
(`+ 1)2(∆− 1) cA`A` ,
cD`;primD`;prim =
∆2(∆− `− 2)(∆− `− 1)(∆ + `)(∆ + `+ 1)
4(∆− 1)2 cA`A` ,
(3.26)
where the factor cA`A` could be set to one by choice of normalization of O`. Note that when
the unitarity bound ∆ ≥ `+ 2 is saturated, the norm (3.26) of N`−1, Lprim, and D`;prim all
vanish; indeed, these components of the supermultiplet vanish when the unitarity bound is
saturated—the supermultiplet is shortened.
3.4. Another example: the 〈OO†Tµ〉 three-point function
As another example of applying the general formalism of [11], we can consider the three-
point function the stress-energy tensor supermultiplet Tµ (3.1) with a scalar superfield O
and its conjugate O†. For the case O = Φ a chiral operator, q = ∆Φ = 32rΦ, q¯ = 0, the
result was given in [11],
〈Φ(z1+)Φ¯(z2−)T µ(z3)〉 = −irΦ
cφφ¯
2pi2
1
x3¯12qx2¯32q
X¯µ3
X¯
2(q−1)
3
, (3.27)
where cφφ¯ is the 〈φφ¯〉 two-point function normalization, and the coefficient in (3.27) is fixed
by the condition that the OPE reproduces the correct U(1)R charge, as in (2.17). This is
a special case of (3.20), where we take ∆O = 3 and ` = 1 to get Oµ → T µ. So cφφ∗jµR =
−irΦcφφ∗/2pi2 and then (3.25), with Mµν = 2Tµν (see (3.1)) gives cφφ∗Tµν = rΦcφφ∗/pi2, which
fits with (2.20) and ∆ = 3
2
|rΦ| for chiral and anti-chiral operators.
As another example, we consider the case where the operator O is real, O = O†, so
qO = q¯O = 12∆O, and RO = 0. Using (3.9), (3.13), and the z1 ↔ z2 symmetry we find
〈O(z1)O(z2)T µ(z3)〉 = −∆OcOO
6pi2(x1¯32x3¯12x2¯32x3¯22)
1
2
∆O(X3 · X¯3)∆O−1
[
Xµ− + 2
(X− ·X+)Xµ+
X3 · X¯3
]
,
(3.28)
where Xµ+ ≡ 12(Xµ3 + X¯µ3 ) is a vector that’s odd under the z1 ↔ z2 operation in (3.17),
and Xµ− ≡ i(Xµ3 − X¯µ3 ) ≡ −4Θ3σµΘ¯3 is a (nilpotent) vector that’s even under the Z2. So
X3 ·X¯3 = X2+ +4Θ23Θ¯23. The relative factor of two between the two terms in the sum on the
RHS is determined by the condition DαT
αα˙ = D¯α˙T
αα˙ = 0, and the overall normalization
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by (2.20). As a special case of (3.28), the three-point function of two conserved currents
and the stress tensor is
〈J (z1)J (z2)T µ(z3)〉 = − τJJ
48pi6x1¯32x3¯12x2¯32x3¯22X3 · X¯3
[
Xµ− + 2
(X− ·X+)Xµ+
X3 · X¯3
]
, (3.29)
Comparing the 〈J(x1)J(x2)T µν(x3)〉 and the 〈jρ(x1)jσ(x2)jµR(x3)〉 components encoded in
(3.29) leads to the relation τJJ = −3 TrF 2R, giving the current two-point function coeffi-
cient τ in (1.3) as a ’t Hooft anomaly.
4. Our case of interest: the current-current OPE
We now consider the OPE of two ∆ = 2 conserved-current primary operators,
J(x)J(0) =
∞∑
`=0
∑
sprimary
O(`)k
ckJJ
(x2)
1
2
(4−∆k)
F kJJ(x, P,Q, Q¯)
(`)O(`)k (0), (4.1)
where O(`)k are superconformal primaries, of dimension ∆k and spin `, and we will show that
the O(`)k are necessarily real, of U(1)R-charge zero. For simplicity, we consider U(1) currents.
The LHS of (4.1) is then symmetric under exchanging the operators, and hence xµ → −xµ,
so only even spin operators can contribute on the RHS of the OPE. For non-Abelian groups,
odd spin components can appear on the RHS of Ja(x)Jb(0), with coefficients proportional
to fabc as in (1.3). We discuss how to determine the F
k
JJ(x, P,Q, Q¯)
(`) from the condition
of superconformal covariance, combined with J ’s current conservation.
The OPE result (4.1) for the bottom component of the supercurrent multiplet will
determine the OPE coefficients of its superconformal descendants, in particular of
jα(x) = Qα(J(x)), jµ(x) = −14Ξµ(J(x)), (4.2)
where Ξµ ≡ σ¯α˙αµ [Qα, Q¯α˙]. We can use Qα and Q¯α˙ to map from the primary J , to its
descendants, as in (4.2). We can also map in the opposite direction, by using the Sα and
S¯α˙ superconformal supercharges, which act on the primary component as
Sα(J(x)) = ix · σ¯α˙αQ¯α˙(J(x)), S¯α˙(J(x)) = −ix · σ¯α˙αQα(J(x)), (4.3)
vanishing at the origin. Acting on the descendants as in (3.3) with ∆J = 2 and rJ = 0, we
find
Sα(jα(x)) = −ix · σ¯α˙αQαQ¯α˙(J(x)) + 4(x · ∂ + 2)J(x), (4.4a)
Sα(jµ(x)) = 3σ¯µα˙α¯α˙(x)− 2x · σ¯α˙ασ¯µνβ˙α˙∂ν ¯β˙(x). (4.4b)
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4.1. Using the algebra to find relations in the J(x)J(0) OPE
In this subsection, we discuss how superconformal symmetry leads to relations for J(x)J(0)
by directly using the algebra. The relations obtained this way alternatively follow from
using the superspace formalism of [11], which we will use in the next subsection.
When the superconformal generators act on the product J(x)J(0), the product rule
gives two terms, e.g. Qα(J(x)J(0)) = Qα(J(x))J(0) + J(x)Qα(J(0)). But for the lowering
operators, Sα, S¯α˙ and Kµ, the term where they act on the primary J(0) vanishes, so e.g.
Sα(J(x)J(0)) = Sα(J(x))J(0) = −ix · σ¯α˙α¯α˙(x)J(0). (4.5)
The jα(x)J(0) OPE thus follows from the J(x)J(0) OPE, with only superdescendants in
J(x)J(0) contributing to the OPE around the origin, since superconformal primary terms
are annihilated by Sα in (4.5).
The relation (4.5) illustrates how the OPE J(x)J(0) of the primary operators in the
multiplet determine the OPEs of the descendants. Additional relations follow because
we are here considering conserved currents rather than generic operators, so Q2(J(x)) =
Q¯2(J(x)) = 0. For example, consider the jα(x)jα(0) operator product, relevant for deter-
mining gaugino masses in general gauge mediation, which can be related to J(x)J(0) as
in [24] (see appendix A for a discussion about the sign)
jα(x)jα(0) =
1
2
Q2(J(x)J(0)). (4.6)
In superconformal theories, this descendant operator product can also be related to the
primary J(x)J(0) by using (4.3) as
jα(x)jβ(0) =
1
x2
Qβ(ix · σS¯)α(J(x)J(0)). (4.7)
Again, S¯α˙ only acts on J(x), and then Qβ only acts on J(0) (since Q
2(J(x)) = 0). Another
interesting relation that follows from (4.3), combined with Q2(J(x)) = Q¯2(J(x)) = 0, is
SαSβ(J(x)J(0)) = S¯α˙S¯β˙(J(x)J(0)) = 0. (4.8)
The relations (4.7) relate operator products of descendants to those of the primaries, while
(4.8) constrain the terms that can appear on the RHS of the OPE of the primaries.
There are two more operators that annihilate J(x)J(0),[
x2QαQβ +Qα(ix · σS¯)β −Qβ(ix · σS¯)α
]
(J(x)J(0)) = 0,[
x2Q¯α˙Q¯β˙ + (S ix · σ¯)β˙Q¯α˙ − (S ix · σ¯)α˙Q¯β˙
]
(J(x)J(0)) = 0,
(4.9)
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thus constraining the OPE J(x)J(0). Other relations, giving OPEs of descendants in terms
of the J(x)J(0) primary OPE, are
jα(x)¯α˙(0) =
1
x4
[
(S ix · σ)α˙(ix · σS¯)α − x2Q¯α˙(ix · σS¯)α + 2∆Jx2(ix · σ)αα˙
]
(J(x)J(0)),
jµ(x)jν(0) =
1
16x8
[
(x2ηµρ − 2xµxρ)(SσρS¯ − S¯σρS)
×{x4(Q¯σ¯νQ−QσνQ¯) + (x2ηνλ − 2xνxλ)(SσλS¯ − S¯σ¯λS)
−2x2 (Qσν ix · σ¯S − Q¯σ¯ν ix · σS¯)}
−8i(∆J + 1)x2(ηµνηλρ − ηµληνρ − ηµρηνλ − iµνλρ)xλ
×{(x2ηρδ − 2xρxδ)SσδS¯ + x2Q¯σ¯ρ ix · σS¯ + 4i∆Jx2xρ}
−8i(∆J + 1)x2(ηµνηλρ − ηµληνρ − ηµρηνλ + iµνλρ)xλ
×{(x2ηρδ − 2xρxδ)S¯σ¯δS + x2Qσρ ix · σ¯S + 4i∆Jx2xρ}
+32x4∆J(∆J + 1)(x
2ηµν − 2xµxν)
]
(J(x)J(0)),
jµ(x)J(0) =
x2ηµν − 2xµxν
4x4
[
SσνS¯ − S¯σ¯νS] (J(x)J(0)).
In sum, OPEs of the superdescendants are all determined from the primary OPE J(x)J(0),
and the superdescendants in J(x)J(0) are constrained by superconformal symmetry and
current conservation. We will find the explicit expressions in the next subsection.
4.2. Current-current OPEs using the superspace results of [11]
We now consider the superspace three-point functions (3.9) where O1 and O2 are conserved
currents, and for simplicity we take O1 = O2 = J , so there is a z1 ↔ z2 symmetry, implying
the symmetry condition (3.17) on the function t(X3,Θ3, Θ¯3) in (3.9). The J superfield has
the component expansion (1.2). We’re interested in the three-point functions
〈J (z1)J (z2)Oµ1...µ`(z3)〉 = 1
x1¯32x3¯12x2¯32x3¯22
tµ1...µ`JJO`(X3,Θ3, Θ¯3). (4.10)
The scaling relation (3.13), with q = q¯ = 1 for the conserved currents has a = 1
3
(qk+2q¯k)−2
and a¯ = 1
3
(q¯k + 2qk)− 2. We now discuss the constraints on t in (4.10) coming from current
conservation. The condition that J is conserved, written in superspace as D2J = D¯2J = 0,
implies that D2t = D¯2t = 0, where D acts on t as differential operators as in (3.16).
A first consequence is that the operator O3 in (4.10) must be a real operator of vanishing
R-charge and integer spin ` (much as in the ΦΦ¯ OPE of the previous subsection). Suppose,
to the contrary, that e.g. R(Ok) = 2, which would lead to a¯ = a+ 1 in (3.13), which would
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fix t
?
= Θ¯23f(X3) (f can’t have any additional factors of Θ¯3, since Θ¯
n>2
3 = 0, nor Θ3
factors without spoiling (3.13)). But that t cannot satisfy D¯2t = 0. One can similarly use
D2t = D¯2t = 0 to exclude all other possibilities for non-zero R-charge operators in (4.10).
So, in what follows, we take O` to have q = q¯ = 12∆, and thus a = a¯ = 12∆− 2 in (3.13).
The conditions D2t = D¯2t = 0 uniquely determine the function tµ1...µ` in (4.10). Let’s
first write it for spin-` = 0 operators Ok in (4.10):
tJJO`=0(X,Θ, Θ¯) =
cJJO
(X · X¯)2− 12 ∆
[
1− 1
4
(∆− 4)(∆− 6) Θ
2Θ¯2
X · X¯
]
, (4.11)
with cJJO`=0 an arbitrary coefficient. Because the coefficient of the term involving Θ3
and Θ¯3 is determined, the superconformal descendant three-point functions are determined
from that of the superconformal primaries. The case (1.4) where all three operators are
conserved currents, qk = 1, is exceptional, since D2X−2 = 0 (up to contact terms).
For the case of an ` = 1 superconformal primary operator Oµk in (4.10), the conditions
determine, much as in (3.28)
tµJJO`=1(X,Θ, Θ¯) =
cJJO`=1
(X · X¯) 52− 12 ∆
[
Xµ− −
∆− 5
∆− 2
(X− ·X+)Xµ+
X · X¯
]
, (4.12)
where Xµ+ ≡ 12(Xµ + X¯µ), called Qµ in [11], is odd under the z1 ↔ z2 operation in (3.17),
and Xµ− ≡ i(Xµ − X¯µ) ≡ −4ΘσµΘ¯, called P µ in [11], is even under the Z2. An example
of a real, primary ` = 1 operator is the FZ operator Tµ (3.1), with ∆Tµ = 3. If we set
∆Oµ = 3 in (4.12) and ∆O = 2 in (3.28), the two expressions properly coincide.
For general, even-spin-` superconformal primary O(µ1...µ`)k , (4.11) generalizes to
t
(µ1...µ`)
JJO` even = cJJO`
X
(µ1
+ · · ·Xµ`)+
(X · X¯)2− 12 (∆−`)
[
1− 1
4
(∆− `− 4)(∆ + `− 6) Θ
2Θ¯2
X · X¯
]
− traces. (4.13)
The generalization of (4.12) for odd spin ` is
t
(µ1...µ`)
JJO` odd = cJJO`
X
(µ1
+ · · ·Xµ`−1+
(X · X¯)2− 12 (∆−`)
[
X
µ`)
− −
∆− `− 4
∆− 2
(X− ·X+)Xµ`)+
X · X¯
]
− traces. (4.14)
In both (4.13) and (4.14) the ` Lorentz indices are symmetrized, with the traces removed,
to obtain a spin-` irreducible Lorentz representation.
These superspace results encode all component three-point functions, giving relations
among the conformal primary components. To make this explicit, we need to expand
both sides of (4.10) in the Grassmann coordinates; we expand J (z1) and J (z2) as in
(1.2), and Oµ1...µ` is as in (3.21), and likewise on the RHS. Then, matching the coefficients
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of the terms with powers of the Grassmann coordinates θi=1,2,3 and θ¯i=1,2,3 on the two
sides of (4.10), gives relations among the primary and descendant three-point functions
analogous to (3.24) and (3.25). For ` even, (4.13) gives a contribution when we take all
three operators to be primary, setting all Grassmann coordinates to zero; the coefficient
cJJO` of this primary contribution determines all descendant three-point function. For
` odd, the three-point function with all three operators primary vanishes, as does (4.14)
when all Grassmann coordinates are set to zero, but there are still non-zero superconformal
descendant contributions and expanding (4.14) gives relations among them.
The three-point function result (4.10), with (4.13) and (4.14), can be expanded in the
Grassmann coordinates. To illustrate this, let’s now expand the three-point function in
θ3 ≡ θ and θ¯3 ≡ θ¯, setting θ1,2 = 0, and θ¯1,2 = 0. Using (3.12) we have
Xµ+|θi=1,2=θ¯i=1,2=0 = Zµ + 2Y µνθσν θ¯ + Z2
(
xµ12
r12
− Zµ
)
θ2θ¯2,
Xµ−|θi=1,2=θ¯i=1,2=0 = −2(Z2ηµν − 2ZµZν)θσν θ¯,
Θ2Θ¯2
X · X¯
∣∣∣∣
θi=1,2=θ¯i=1,2=0
= Z2θ2θ¯2.
(4.15)
One can also find
X · X¯|θi=1,2=θ¯i=1,2=0 = Z2 − 2Z4
(
2 +
x13 · x23
r12
)
θ2θ¯2,
X+ ·X−|θi=1,2=θ¯i=1,2=0 = 2Z2Zµθσµθ¯.
So, for example, (4.12) becomes
tµJJO`=1
x1¯32x3¯12x2¯32x3¯22
∣∣∣∣
θi=1,2=θ¯i=1,2=0
= −2CJJO
r212
Z∆−1
(
Z2ηµν − ∆ + 1
∆− 2Z
µZν
)
θσν θ¯.
The red terms above drop out for primary correlation functions. Indeed, with no loss in
generality, by using superconformal symmetry to map (z1, z2, z3)→ (0, x2 =∞, z3 = z), the
red terms map to zero, as discussed around (3.15).
For ` even, the results for 〈JJAµ1...µ`〉, 〈JJLµµ1...µ`〉, and 〈JJDµ1...µ`〉 coincide with
those found in [18] for the corresponding quantities with JJ replaced with φφ¯, while
〈JJMµµ1...µ`〉 = 0 and 〈JJNµ2...µ`〉 = 0. Accounting for the distinction [18] between Lµµ1...µ`
23
and Lµµ1...µ`prim and also between D
µ1...µ` and Dµ1...µ`prim , see (3.23), we find, for ` even,
5
〈JJAµ1...µ`〉 = cJJO`
Z∆−`
r212
Zµ1 · · ·Zµ` ,
〈JJDµ1...µ`prim 〉 = cJJO`
(∆− 2)(∆ + `)(∆− `− 2)
8(∆− 1)
Z∆+2−`
r212
Zµ1 · · ·Zµ` .
(4.16)
In addition, 〈JJMµµ1...µ`prim 〉 = 0 and 〈JJNµ2...µ`prim 〉 = 0, because the three-point function with
JJ can involve only even-spin operators.
Likewise, for ` odd, 〈JJAµ1...µ`〉 = 0 and 〈JJDµ1...µ`prim 〉 = 0, and the non-zero primary
three-point functions are6
〈JJMµµ1...µ`prim 〉 = 2cJJO`
∆ + `
∆− 2
Z∆−`
r212
ZµZµ1 · · ·Zµ` ,
〈JJNµ2...µ`prim 〉 = −2cJJO`
(`+ 1)(`+ 2)(∆− `− 2)
`2(∆− 2)
Z∆+2−`
r212
Zµ2 · · ·Zµ` ,
(4.17)
with 〈JJAµ1...µ`〉 = 0 and 〈JJDµ1...µ`prim 〉 = 0. In all of the above it’s to be understood that
the Zµ’s are symmetrized with the traces removed. For all `, 〈J(x1)J(x2)Lµµ1...µ`prim 〉 = 0,
because the primary three-point function necessarily involves only the single coordinate
Zµ, and it is impossible to use that to build an operator with the right Lorentz index
structure to match Lµµ1...µ`prim .
Summarizing, we find the relations
cJJD`;prim = −
∆(∆ + `)(∆− `− 2)
8(∆− 1) cJJA` ,
cJJN`−1 = −
(`+ 1)(`+ 2)(∆− `− 2)
`2(∆ + `)
cJJM`+1 ,
cJJLprim = 0.
(4.18)
A check on these results is that cJJD`;prim and cJJN` properly vanish when Oµ1...µ` saturates
the unitarity bound, ∆ = ` + 2, as then the components Nprim and Dprim become null
states and must vanish. As a special case, for ` = 1 and ∆O = 3, we have Oµ = T µ, the
Ferrara–Zumino supermultiplet, where Mµν ∼ T µν and N ∼ T µµ = 0.
Upon going to components, the resulting two- and three-point functions can be con-
verted to expressions for the OPE coefficients, including conformal descendants, as in (2.14).
The superconformal descendant relations can then be determined by using the two-point
5We thank the authors of [16] for pointing out a mistake in our original formula for 〈JJDprim〉.
6We thank the authors of [15] for pointing out a mistake in our original formula for 〈JJNprim〉.
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and three-point function relations discussed in the previous paragraph. A more efficient
approach would be to convert directly in superspace, from the two-point and three-point
function results above, to sOPE expressions. A special case has been explicitly worked out
in [17], as outlined after (3.18). For our case of interest here, i.e. two conserved currents,
J (z1)J (z2) =
∑
sprimary
O(`)∆
cOJJF
(`)
∆ (z12, ∂x2 , ∂θ2 , ∂θ¯2)O`∆(z2), (4.19)
with F determined by requiring that using this and two-point functions (3.8) on the LHS
of (4.10) reproduces the RHS of (4.10). For example, for ` = 0, F satisfies
1
x1¯32x3¯12x2¯32x3¯22
t
(`=0)
JJO(X3,Θ3, Θ¯3) = cJJOF
(`=0)
∆ (z12, ∂x2 , ∂θ2 , ∂θ¯2)
1
x2¯3∆Ox3¯2∆O
,
where t on the LHS is given in (4.11).
5. Four-point function conformal blocks
Four-point functions (more generally n-point functions) can be reduced and computed via
the OPE. For a four-point function 〈Oi(x1)Oj(x2)Or(x3)Os(x4)〉, one can apply the OPE
(1.1) to Oi(x1)Oj(x2), and also to Or(x3)Os(x4), reducing the four-point function to sums
of two-point functions between the resultants on the RHS of the two OPE pairs:
〈Oi(x1)Oj(x2)Or(x3)Os(x4)〉 =
∑
primary
Ok
1
r
1
2
(∆i+∆j)
12 r
1
2
(∆r+∆s)
34
cijkc
k`c`rsg∆k,`k(u, v), (5.1)
where u ≡ r12r34/r13r24 ≡ zz¯ and v ≡ r14r23/r13r24 ≡ (1−z)(1− z¯) are the two independent
conformal cross-ratios for four-point functions. The four-point function conformal blocks
g∆,` are fixed functions [20,25] that account for the sum over descendants
7
g∆,`(u, v) =
zz¯
z − z¯ (k∆+`(z)k∆−`−2(z¯)− (z ↔ z¯))
kβ(x) ≡ xβ/22F1(β/2, β/2, β;x).
(5.2)
The decomposition (5.1) is in the s channel of the four-point function, and one can of course
alternatively compute in the t channel or the u channel, and all three must of course agree.
7As in [26], we find it convenient to modify the original definition of g∆,` by dropping a (− 12 )` factor:
ghere∆,` = (−2)`gD&O∆,` .
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There is a recent and growing literature on exploring these crossing symmetry relation
constraints, following [27].
The fact that the sum in (5.1) for non-SUSY N = 0 theories can be reduced to a sum
over primaries, with the descendant contributions accounted for in the universal conformal
block functions g∆,`, is a powerful consequence of the fact that conformal symmetry com-
pletely determines the descendant contributions to the OPE from those of the primaries. As
we have emphasized, the analogous statement generally does not hold for superconformal
primaries. So, in superconformal theories, there is generally no analog of (5.1) involving
only a sum over only the superconformal primaries. In a nutshell, there is no universal no-
tion of “superconformal blocks” analogous to (5.2). One can define superconformal blocks
for correlation functions of short multiplets, as we’ll discuss and review, but they depend
on the particular operators in the correlation function and are still not universal.
In this section, we will discuss the N = 1 conformal blocks for 〈JJJJ〉 and 〈JJφφ∗〉.
These two cases are expected to be nicer than generic four-point functions in N = 1
SCFTs, because the operators are in shortened representations, and that determines the
coefficients of all superconformal descendants in the intermediate channel in terms of those
of the superconformal primaries.8
5.1. Review of the N = 1 conformal blocks for 〈φφ∗φφ∗〉 [18, 19]
The four point function of two chiral and two anti-chiral operators can be expanded as
〈φ(x1)φ∗(x2)φ(x3)φ∗(x4)〉 = 1
r
∆φ
12 r
∆φ
34
∑
O`∈φ×φ∗
(cφφ∗A`)
2
cA`A`
Gφφ∗;φφ∗∆,` (u, v)
where Gφφ∗;φφ∗∆,` (u, v) is a superconformal block that account for the s-channel OPE sum
over the A`, M`+1, N`−1, and D` conformal primaries, along with their descendants. Using
(3.25) and (3.26), the result is [18] (accounting for ghere∆,` = (−2)`gD&O∆,` )
Gφφ∗;φφ∗∆,` = g∆,` +
∆ + `
4(∆ + `+ 1)
g∆+1,`+1 +
∆− `− 2
4(∆− `− 1)g∆+1,`−1
+
(∆ + `)(∆− `− 2)
16(∆ + `+ 1)(∆− `− 1)g∆+2,`.
(5.3)
As we have emphasized, there is not a general notion of superconformal block, and the
superscript in Gφφ∗;φφ∗∆,` emphasizes that this superconformal block applies only for this
8As we emphasized, that seems to not be the case for generic N = 1 operators, so it seems that generic
four-point functions can not be reduced to a set of N = 1 superconformal blocks depending only on the
superconformal primaries.
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specific channel and four-point function.
Indeed, computing the same 〈φ(x1)φ∗(x2)φ(x3)φ∗(x4)〉 in the channel where the x1 and
x3 operators are brought together, leads to an intermediate sum over very different classes
of operators, corresponding to (3.18). We can define Gφφ;φ∗φ∗∆,` for this class, and the result
involves a single g∆,`, rather than the four terms (5.3) found in the s channel. See [19] for
some of the details. This illustrates that there isn’t a universal notion of superconformal
blocks, even for different channels of the same four-point function.
5.2. The N = 1 conformal blocks for 〈JJJJ〉 and 〈JJφφ∗〉
The four-point current correlator can be expanded as
〈J(x1)J(x2)J(x3)J(x4)〉 = 1
r212r
2
34
∑
O∆,`∈J×J
(cJJA`)
2
cA`A`
GJJ ;JJ∆,` (u, v),
where the N = 1 superconformal blocks on the RHS account for the sum over the A`, M`+1,
N`−1, and D` primaries in the intermediate operators (3.21), along with their descendants.
Comparing with (5.1), the decomposition in terms of N = 0 blocks simply follows from
squaring the coefficients in (4.18) and dividing by the normalizations in (3.26). For ` even
we find
GJJ ;JJ∆, ` even = g∆,` +
(∆− 2)2(∆ + `)(∆− `− 2)
16∆(∆ + `+ 1)(∆− `− 1) g∆+2,`. (5.4)
For ` odd we find (with here an arbitrary overall normalization choice)
GJJ ;JJ∆, ` odd = g∆+1,`+1 +
(`+ 2)2(∆ + `+ 1)(∆− `− 2)
`2(∆ + `)(∆− `− 1) g∆+1,`−1. (5.5)
We can immediately now also obtain the conformal blocks for
〈J(x1)J(x2)φ(x3)φ∗(x4)〉 = 1
r12r
∆φ
34
∑
O∆,`
cJJO`cφφ∗O`
cO`O`
GJJ ;φφ∗∆,` (u, v), (5.6)
where
GJJ ;φφ∗∆, ` even = g∆,` +
(∆− 2)(∆ + `)(∆− `− 2)
16∆(∆ + `+ 1)(∆− `− 1)g∆+2,`, (5.7)
GJJ ;φφ∗∆, ` odd = g∆+1,`+1 −
(`+ 2)(∆ + `+ 1)(∆− `− 2)
`(∆ + `)(∆− `− 1) g∆+1,`−1. (5.8)
5.3. Connection with Dolan and Osborn’s N = 2 conformal blocks for 〈ϕϕϕϕ〉 [28]
In N = 2 SCFTs, operators are labeled by their SU(2)I representation I = 0, 12 , . . . , value
of I3, their U(1)
N=2 charge, in addition to dimension ∆ and spins (j, ¯). Several N = 1
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representations assemble together to form a single N = 2 superconformal representation.
The N = 1 U(1)N=1R is given by (see e.g. [2])
RN=1 =
1
3
RN=2 +
4
3
I3. (5.9)
Taking the N = 2 supercharges QIα to have RN=2 charge −1, then QI=1,2α has RN=1 charges
1/3 and −1, with the latter the N = 1 supercharge.
In particular, an N = 2 conserved current supermultiplet has primary components with
I = 1, RN=0 = 0, ∆ = 2, ` = 0. It consists of an N = 1 conserved current supermultiplet
J , plus a N = 1 chiral multiplet and conjugate anti-chiral multiplet Φ¯, with ∆ = 2, ` = 0.
The primary components were called ϕij in ϕ(ij) of [28], and we denote them as ϕ
11
ϕ(12)
ϕ22
 =
 φJ
φ∗
 =
 |I = 1, I3 = 1〉|I = 1, I3 = 0〉
|I = 1, I3 = −1〉
 . (5.10)
The structure of the four-point function for this N = 2 supermultiplet was considered
in [28], and a variety of possible four-point function conformal blocks, corresponding to
the possible intermediate operator in the OPE, were presented. The recent work [18] used
these results to connect with the N = 1 superconformal blocks Gφφ∗;φφ∗ . In this section,
we connect the N = 2 results of [28] with our N = 1 results for GJJ ;JJ and GJJ ;φφ∗ .
The SU(2)I symmetry implies that when we take the ϕϕ OPE we get representations
3 ⊗ 3 = 1 ⊕ 3 ⊕ 5, i.e. the RHS can have representations I = 0, 1, 2, of SU(2)I . When
we consider the 〈ϕϕϕϕ〉 four-point function, the contributions thus can be labeled by
the I = 0, 1, 2 values of the intermediate operators. Following [28], we refer to these
contributions as A0, A1, and A2, respectively. The SU(2)I symmetry implies that the
various four-point functions in 〈ϕϕϕϕ〉 are governed by the group theory of Clebsch–Gordan
coefficients (following [28], we absorb A0’s Clebsch,
1
3
, into its normalization):
GN=2|φφ;φ∗φ∗ = A2,
GN=2|φφ∗;φφ∗ = A0 + 1
2
A1 +
1
6
A2,
GN=2|JJ ;JJ = A0 + 2
3
A2,
GN=2|JJ ;φφ∗ = A0 − 1
3
A2.
(5.11)
The functions A0, A1, and A2 get independent contributions from each possible N = 2
superconformal multiplets that can appear in the intermediate channel of the ϕϕ OPE.
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Since the supercharges have I = 1
2
, each contributing N = 2 superconformal multiplet
has operators with different I values, that can potentially contribute to all three AI=0,1,2.
A variety of N = 2 supermultiplets and their A0,1,2 contributions were presented in [28].
We will apply (5.11) to their results to determine the multiplet’s contribution GN=2|φφ;φ∗φ∗ ,
GN=2|φφ∗;φφ∗ , GN=2|JJ ;JJ , and GN=2|JJ ;φφ∗ . Decomposing the N = 2 multiplet into multiplets
under the N = 1 subalgebra, these N = 2 superconformal blocks decompose into sums of
N = 1 superconformal blocks. The case GN=2|φφ∗;φφ∗ → GN=1|φφ∗;φφ∗ was presented in [18],
and here we’ll similarly discuss a few simple examples of (5.11).
One class of examples are the shortened N = 2 multiplets containing at most twist
∆− ` = 2 operators. Quoting [28] (with gD&O∆,` = (−2)−`ghere∆,` ), these have
A0 = g∆=`+2,` +
(`+ 2)2
4(2`+ 3)(2`+ 5)
g∆=`+4,`+2,
A1 = g∆=`+3,`+1, A2 = 0.
(5.12)
An example in this class is the N = 2 conserved current multiplet (5.10), which corresponds
to setting ` = −1 in (5.12). Another example in this class is the N = 2 stress-energy tensor
multiplet, corresponding to ` = 0 in (5.12); this N = 2 multiplet contains the N = 1
stress-tensor multiplet (3.1) together with the N = 1 current multiplets of SU(2)I . We
see from (5.11) that, since A2 = 0, no operators in this class contribute to GN=2|φφ;φ∗φ∗ .
Their contributions to GN=2|φφ∗;φφ∗ fit with the decomposition of these N = 2 multiplets
into N = 1 multiplets and the results of [18], as was presented there. The blocks given
in (5.4), (5.5), (5.7), (5.8) for this case, ∆ = ` + 2, contain only a single N = 0 block,
GJJ ;JJ∆=`+2,` = g∆=`+2,` and GJJ ;φφ
∗
∆=`+2,` = g∆=`+2,`. The result (5.11) and (5.12) for GN=2|JJ ;JJ∆=`+2,` and
GN=2|JJ ;φφ∗∆=`+2,` contain contributions from two N = 1 real multiplets in the N = 2 multiplet,
with primary components O∆=`+2,` and O′∆=`+4,`+2, and the relative coefficient in (5.12)
accounts for the N = 2 relation among their OPE coefficients.
To quote a more complicated N = 2 representation multiplet, the contributions to the
conformal blocks from the multiplet of operators and descendants when the primary has
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RN=2 = 0, I = 0, for general ∆ and `, is [28]
A0(u, v) = g∆,` +
1
12
g∆+2,` +
(∆ + `+ 2)2
16(∆ + `+ 1)(∆ + `+ 3)
g∆+2,`+2
+
(∆− `)2
16(∆− `− 1)(∆− `+ 1)g∆+2,`−2
+
(∆ + `+ 2)2(∆− `)2
256(∆ + `+ 1)(∆ + `+ 3)(∆− `− 1)(∆− `+ 1)g∆+4,`,
A1(u, v) = g∆+1,`+1 + g∆+1,`−1 +
(∆ + `+ 2)2
16(∆ + `+ 1)(∆ + `+ 3)
g∆+3,`+1
+
(∆− `)2
16(∆− `− 1)(∆− `+ 1)g∆+3,`−1,
A2(u, v) = g∆+2,`
(5.13)
Using (5.11), we can read off the contributions to GN=2 from this representation. The case
GN=2|φφ∗;φφ∗ was considered in [18] and decomposed there in terms of the N = 1 blocks.
The other cases in (5.11) can be similarly analyzed.
6. Discussion & Conclusion
The current-current (s)OPE J (z1)J (z2) can have only real RN=1 = 0 operators of even
spin ` and their descendants on the RHS. For non-Abelian groups, odd-` real operators
can also contribute, proportional to the group’s structure constants fabc. The constraints of
N = 1 superconformal symmetry, combined with the current conservation, imply relations
among the OPE coefficients, essentially giving the super-descendant coefficients in terms of
those of the super-primaries.
We also gave the basic N = 1 superconformal blocks for GJJ ;JJ∆,` and GJJ ;φφ
∗
∆,` . These are
analogous to the Gφφ∗;φφ∗∆,` superconformal blocks given in [18] and the Gφφ;φ
∗φ∗
∆,` described
in [19]. The blocks are analogous, but different, illustrating that there are no universal
superconformal blocks. In the N = 2 case, we discussed how these cases can be related
using the SU(2)I Clebsch–Gordan coefficients and the results of [28].
We will explore some possible applications of the current-current OPE and supercon-
formal symmetry to general gauge mediation of SUSY breaking in our upcoming paper [7].
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Appendix A. The (super)conformal algebra (and sign conventions)
This appendix both reviews standard material, and also attempts to give a consistent set of
sign conventions. The literature contains many sign conventions (some with inconsistencies)
for the conformal, supersymmetry, and superconformal algebras, so we will here elaborate
a bit on our notation. (Our signs agree with e.g. [29].) There are several places where sign
errors can crop up. One is a standard, but often obscured, sign difference when bosonic
generators A are replaced with differential operators A acting on the coordinates,
[A,O] = −AO. (A.1)
This is familiar from quantum mechanics, where [H,O] = −i~∂tO, even though H can be
replaced with H = +i~∂t. The sign in (A.1) accounts for the fact that transformations
compose in the opposite order when acting on the coordinates. Indeed, defining another
transformation [B,O] = −BO, with B the corresponding differential operator, the differen-
tial operators compose in the opposite order
AB(O) ≡ [A, [B,O]] = −[A,BO] = −B[A,O] = BAO. (A.2)
So [[A,B],O] = −[A,B]O, which is consistent with (A.1) with [A,B] = C and [A,B] = C.
Many references, however, do not make a notational distinction between what we’re calling
A vs A. This issue is compounded in supersymmetry, see also [30] for a very recent careful
discussion. As standard, we follow the conventions of Wess & Bagger [31]. The Q analog
of (A.1) in [31] notation then has an i but, potentially confusingly, in [31] no notational
distinction is made between the operator vs the differential operator. In addition, the metric
of [31] is ηµν = diag(−1, 1, 1, 1), with Hamiltonian H = P 0 = −P0, so now [P0,O] = +i~∂0O
and P0 = −i~∂0. We’ll elaborate on these and related points in what follows.
Recall (see e.g. [13]) that conformal transformations xµ → x′µ = (gx)µ are such that
dx′µdx
′µ = Ωg(x)−2dxµdxµ. Beyond translations and rotations, this includes dilatations
x′µ = λxµ, with Ω
g(x) = λ−1, and special conformal transformations, x′µ = (xµ−bµx2)/Ωg(x),
with Ωg = 1− 2b · x+ b2x2. An operator is called (quasi-)primary if it transforms under all
conformal transformations as O(x)→ T (g)O(x), where
(T (g)O)i(x′) = Ωg(x)∆ODij
(
Rgµα = Ωg
∂x′µ
∂xα
)
Oj(x), (A.3)
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where i labels the operator’s representation Dij of the Lorentz group, and ∆O is the op-
erator’s scaling dimension. For rotations and boosts, Ωg(x) = 1 and (A.3) is the standard
Lorentz transformation of operators, with Rgµα the rotation or boost. For dilatations,
Rgµα = δµα, so Dij is the identity, and (A.3) is the standard scaling of operators with their
scaling dimension ∆O. For special conformal transformations only, (A.3) proves restrictive,
distinguishing the primary operators from the descendants.
On the LHS of (A.3) we’ve transformed both the operator and the coordinate, but we
should replace x→ g−1x on both sides of (A.3) to get how the transformation acts on just
the operator. For example, the Poincare´ generators act on the coordinates as xµ → x′µ =
g(xµ), and act on operators as g : Oi(x)→ O′i(x) = (U(g)O(x)U(g)−1)i = Dij(g)O(g−1(x)),
with U(g) the appropriate unitary transformation. Under general translations of operators
forward by aµ, via opposite action on the coordinates, ga : x
µ → xµ − aµ, then ga :
O(x) → O′(x) = U(a)O(x)U(a)−1 = O(xµ + aµ), with U(a) = e−iPµaµ . We then have
[Pµ,O(x)] = i∂µO(x). So the differential operator, as in (A.1), is Pµ = −i∂µ. The minus
sign in (A.1) and order reversal in (A.2) are related to the g−1 action on the coordinates.
The dilatation generator acts on the coordinates as gδ : x
µ → e−δxµ, Ωgδ(x) = eδ, so
gδ : O(x) → U(δ)O(x)U(δ)−1 = e∆OδO(eδx), where U(δ) = eiδD. This implies [D,O] =
−i(∆O + x · ∂)O; hence the differential operator is D = i(∆O + x · ∂). Now gδga : O(x)→
O(x + a) → e∆OδO(eδ(x + a)) = geδagδO(x), so U(δ)U(a) = U(eδa)U(), which implies
[Pµ, D] = iPµ. The differential operators indeed correspondingly satisfy [Pµ,D] = iPµ.
We can likewise take U(b) = e−iKµb
µ
to generate special conformal transformations, and
consider U(b)U(?) vs U(?)U(b) to get [Kµ, ?]. In sum, this yields the conformal group,
that’s isomorphic to SO(d, 2) in d dimensions:
[Mµν , Pρ] = i(ηµρPν − ηνρPµ), [Mµν , Kρ] = i(ηµρKν − ηνρKµ),
[Mµν ,Mρσ] = i(ηµρMνσ − ηνρMµσ + ηνσMµρ − ηµσMνρ),
[D,Pµ] = −iPµ, [D,Kµ] = iKµ, [Kµ, Pν ] = 2i(ηµνD −Mµν),
where Mµν are the SO(d− 1, 1) Lorentz generators. Commutators not given are zero.
On a quasi-primary multi-component field OI(x) we have
[Pµ,OI(x)] = i∂µOI(x), [D,OI(x)] = −i(x · ∂ + ∆O)OI(x),
[Mµν ,OI(x)] = i(xµ∂ν − xν∂µ)OI(x)−OJ(x)(sµν)JI ,
[Kµ,OI(x)] = i(x2∂µ − 2xµ x · ∂ − 2∆Oxµ)OI(x) + 2(sµν)JIxνOJ ,
(A.4)
where (sµν)
J
I are the appropriate finite-dimensional spin matrices obeying the Mµν algebra.
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As an illustration of the order reversal in (A.2), consider [Kν , [Pµ,O(0)]] and compare
that to [Pµ, [Kν ,O(0)] on a scalar primary operator at the origin. The latter vanishes, since
Kν annihilates the scalar primary at the origin. That is compatible with [Pµ, [Kν ,O(0)] =
KνPµO(0) and Pµ = −i∂µ and Kν = −i(x2∂ν−2xνx ·∂−2∆Oxν). The opposite order prop-
erly gives a non-zero result, [Kν , [Pµ,O]]|x=0 = PµKνO|x=0 = 2∆OηµνO(0) = −2iηµνDO|x=0.
We define the supersymmetry fermionic variations of operators as
δξO = i[ξQ+ ξ¯Q¯,O] = (ξQ+ ξ¯Q¯)O, (A.5)
where the i after the first equality insures that, if O is real, then so is δξO.9 In the second
equality that i is absent, and we use the superspace differential operators of [31],
Qα = ∂
∂θα
− iσµαα˙θ¯α˙∂µ and Q¯α˙ = −
∂
∂θ¯α˙
+ iθασµαα˙∂µ. (A.6)
As in (A.2), the differential operators compose in the opposite order. Note that
{Qα, Q¯α˙} = 2iσµαα˙∂µ = −2σµαα˙Pµ; (A.7)
the last sign looks off, but it’ll be OK, since (A.5) gives (with [κQ, ξ¯Q¯] = καξ¯α˙{Qα, Q¯α˙})
(δκδξ − δξδκ)O = −(καξ¯α˙ − ξακ¯α˙)[{Qα, Q¯α˙},O] = −(καξ¯α˙ − ξακ¯α˙)2σµαα˙[Pµ,O],
and also
(δκδξ − δξδκ)O = −(καξ¯α˙ − ξακ¯α˙){Qα, Q¯α˙}O = (καξ¯α˙ − ξακ¯α˙)2σµαα˙PµO,
consistent with [Pµ,O] = −PµO. In short, if we use the notation of [31] for the fermionic
generators, the analog of (A.1) is
Q(O) ≡ [Q,O} = −iQO. (A.8)
For a chiral superfield, Φ = φ +
√
2θψ + · · · , with Q¯α˙(Φ) = 0, we have Qα(φ) = −i
√
2ψα
etc. For a real superfield J = J+ iθj− iθ¯¯+ · · · , we find e.g. Qα(J) = jα and Q¯α˙(J) = −¯α˙.
The superconformal algebra includes the usual supercharges Qα, Q¯α˙, superconformal
supercharges, Sα, S¯α˙, and the U(1)R-current generator R. The superconformal algebra
includes, in addition to the conformal-algebra commutators,
{Qα, Q¯α˙} = 2σµαα˙Pµ, {S¯α˙, Sα} = 2σ¯µα˙αKµ,
9Recall (ξQ)† = ξ¯Q¯ in [31] notation, where ξQ ≡ ξαQα = −ξαQα = Qξ, and ξ¯Q¯ ≡ ξ¯α˙Q¯α˙ = −ξ¯α˙Q¯α˙ = Q¯ξ¯.
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{Qα, Sβ} = −i(σµσ¯ν) βα Mµν + δ βα (2iD + 3R),
{S¯α˙, Q¯β˙} = −i(σ¯µσν)α˙β˙Mµν − δα˙β˙(2iD − 3R),
[D,Qα] = −12iQα, [D, Q¯α˙] = −12iQ¯α˙, [D,Sα] = 12iSα, [D, S¯α˙] = 12iS¯α˙,
[R,Qα] = −Qα, [R, Q¯α˙] = Q¯α˙, [R, Sα] = Sα, [R, S¯α˙] = −S¯α˙,
[Kµ, Qα] = −σµαα˙S¯α˙, [Kµ, Q¯α˙] = σµαα˙Sα,
[P µ, S¯α˙] = −σ¯µα˙αQα, [P µ, Sα] = σ¯µα˙αQ¯α˙,
[Mµν , Qα] = −iσ βµνα Qβ, [Mµν , Q¯α˙] = iσ¯ β˙µν α˙Q¯β˙,
[Mµν , Sα] = −iσ βµνα Sβ, [Mµν , S¯α˙] = iσ¯ β˙µν α˙S¯β˙.
The action of the superconformal generators on superfields was given in [11] in a very
efficient and compressed notation, so we’ll unpack it a bit here, and write the variations
as differential operators acting on superspace, with the −1 of (A.1) for the bosonic gen-
erators and the −i of (A.8) for the fermionic generators. The Pµ, Qα, and Q¯α˙ are as
given in (A.6) and (A.7). The D and Kµ operators include Grassmann additions to the
expressions found from (A.4), e.g. dilatations act as gδ : O(x, θ, θ¯)→ eiδDO(x, θ, θ¯)e−iδD =
e∆OO(eδx, eδ/2θ, eδ/2θ¯), which gives [D,O] = −DO with
D = i
[
x · ∂ + 1
2
(
θ
∂
∂θ
+ θ¯
∂
∂θ¯
)
+ ∆
]
.
For a U(1)R transformation, gR : O(x, θ, θ¯) → eiαRO(x, θ, θ¯)e−iαR = eiαrOO(x, e−iαθ, eiαθ¯),
so [R,O] = −RO with
R = −rO + θ ∂
∂θ
− θ¯ ∂
∂θ¯
.
Finally, the special superconformal generators act on superfields as in (A.5),
δηO = i[ηS + η¯S¯,O] = (ηS + η¯S¯)O, (A.9)
with Sα and S¯ α˙ the differential operators acting on superspace, and we read off the trans-
formation from that given in [11]: in the notation there
δOi(z) = −LOi(z) + [ωˆ βα (z+)(s αβ )ii′ + ˆ¯ωα˙β˙(z−)(s¯β˙α˙)ii′ ]Oi
′
(z)− 2qσ(z+)Oi(z)− 2q¯σ¯(z−)Oi(z),
where L = (vµ(z+)− 2iλ(z+)σµθ¯)∂µ + λα(z+)Dα + λ¯α˙(z−)D¯α˙, and s and s¯ act, respectively,
on dotted and undotted indices, and form, respectively, spin-j and spin-¯ representations
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of the algebra. Setting to zero the parameters for other transformations, we have
vµ = −2θσµx˜+η,
λα = −i(η¯x˜+)α + 2ηαθ2, λ¯α˙ = i(x˜+η)α˙ + 2η¯α˙θ¯2,
ωˆ βα = 4ηαθ
β + 2δ βα θη, ˆ¯ω
α˙
β˙
= −4θ¯α˙η¯β˙ − 2δα˙β˙ η¯θ¯,
σ = 2θη, σ¯ = 2η¯θ¯,
where x˜+ = x˜ + 2iθ¯θ. In our conventions we then find
Sα = ix · σ¯α˙αQ¯α˙ + 2θα
(
θ¯
∂
∂θ¯
+ ∆ +
3
2
r
)
+ 2θβs αβ + θ
2αβ
(
Qβ + ∂
∂θβ
)
. (A.10)
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